We derive the analytical expressions for the thermal Casimir-Polder energy and force between a spheroidal nanoparticle above a semi-infinite material and a graphene covered interface. We analyze in detail the Casimir-Polder force between a gold nanoparticle and a single sheet of pristine graphene focusing on the impact of anisotropy. We show that the effect of anisotropy, i.e. the shape and orientation of the spheroidal nanoparticle, has a much larger influence on the force than the tunability of graphene. The effect of tuning and anisotropy both add up such that we observe a force which is between 20-50% of that in the ideal metal case which is much larger than the results found for the Casimir force between a metal halfspace and a layer of graphene.
I. INTRODUCTION
The interaction of atoms and/or nanoparticles with an interface or a cavity is a research topic which has attracted a lot of attention in the past and which is still a vital field of research. Such interactions include for example the change of the radiative life time or Purcell effect 1 close to an interface or in a cavity, the energy transfer between a nanoparticle and a surface 2, 3 , the radiative cooling rate of nanoparticles in close vicinity to a plasmonic system 4 , the Förster resonance energy transfer in the presence of an interface 5, 6 , the Spin-Hall effect close to plasmonic systems 7 as well as the Casimir-Polder (CP) force 8 . In particular, the possibility to use materials with special properties as graphene, for instance, has renewed the interest in such studies. So it was shown that graphene allows for controlling the spontaneous emission or local density of states 9, 10 and can enhance the radiative heat transfer between two materials 11 and the Förster energy transfer between two atoms in close vicinity of a sheet of graphene 7, 12 . The possibility of changing the electron density of graphene by gating or doping 13 allows for a certain degree of control of these effects. On the other hand, the Casimir force between two or several sheets of graphene [14] [15] [16] , a sheet of graphene and a metal [16] [17] [18] [19] seems to be extremely small and on the order of some percent of the Casimir force between two perfect metals 17 . In addition, the effect of gating or doping has only small influence for gapless graphene 16, 19, 20 . Furthermore, it could be shown that by using magnetic fields the Casimir force between two graphene layers can be completely suppressed or even made repulsive due to the quantum Hall effect 21 an effect which might be useful in the search for Yukawa-like corrections to Newtonian gravity 22 . In this work we focus on the CP force between metallic nanoparticles and graphene as sketched in Fig. 1 . For a similar system it was already shown that for large distances the thermal CP force between an atom and suspended graphene has the same value as that between an atom and a perfect metal 23 . Furthermore, the possibility to use graphene as a shield for controlling the CP interaction has been investigated 24 . Here we consider metal nanoparticles instead of atoms and analyze the impact of anisotropy by considering the CP force between oblate and spheroidal nanoparticles and a layer of graphene. We will show that for large distances the CP force converges to the force between a spheroidal nanopartical and a perfect metal regardless of the shape and orientation of the particle. As observed for the Casimir force the tunability of graphene has little influence on the resulting force and it turns out that the dependence of the CP force on the shape and orientation of the particle can be much larger than the dependence on the Fermi level inside graphene. Finally, we show that the effect of tuning and anisotropy add so that the resulting force attains relatively large values which are between 20-50% of that observed in the ideal metal case. The paper is organized as follows: In Sec. II we de-rive the general expressions for the CP energy and force between an anisotropic nanoparticle and a halfspace or a graphene-covered halfspace. In Sec. III we introduce the models describing the material properties of gold and graphene which are used in the numerical simulations. Then in Sec. IV and V we discuss numerical results for the CP force between isotropic and spheroidal nanoparticles and a sheet of graphene. Finally, we summarize our results in Sec. VI.
II. CASIMIR-POLDER FORCE
In this section we derive the expression for the CP energy as well as for the CP potential of an in general anisotropic nanoparticle and an interface.
A. Interaction energy
Following the procedure from Ref.
1 , the interaction energy between a small particle and a surface induced by fluctuations can be written as
where the induced dipole moment and field in Fourier space are given by
Then we obtain
taking into account that p 
where
we arrive at
Finally, we perform a Wick rotation (ω → iξ) for zero and nonzero temperatures assuming that the polarizability and the Greens function has no poles nor branchpoints inside the first quadrant. Then we obtain
where the Matsubara frequencies are ξ n = 2πn kBT . The prime at the sum sign symbolizes that the term for n = 0 has to be multiplied by 1/2. Note, that any magnetic response even that of eddy currents has been neglected 25 which can be important for thermal heat transfer 26, 27 .
B. Green's function
Now, we assume that the nanoparticle is in close vicinity to a planar medium at distance d. For determining the CP force only the scattered part of the Green's function is needed, since we are interested in the energy difference
The scattering part of the Green's function close to a planar interface is (for x = x ′ and
with
and
Here r s and r p are the usual Fresnel reflection coefficients for s-and p-polarized light
introducing the wave vector components along the surface normal inside vacuum (γ 0 ) and inside a medium (γ) having the permittivity ǫ which are explicitely given by
C. Casimir-Polder energy and force
Using the scattered Green's function we obtain for the CP energy performing a Wick rotation (ω → iξ)
The resulting force is given by
wheref
D. isotropic nanoparticle
For an isotropic nanoparticle we have
where 1 is the unit matrix. For a spherical nanoparticle the polarizability is determined by the Mie coefficients. For nanoparticles having a radius smaller than the skin depth the polarizability can be approximated by the Clausius-Mosotti like expression
The function f andf reduce in this case to
(25) If the medium is an ideal metal, we have r s = −1 and r p = 1 so that
andf
Inserting these functions into the expressions for the CP potential or force gives the corresponding results for a spherical nanoparticle above a perfect metal. In particular, it can be shown that in the retarded and non-retarded regime the CP energy reduces to (see 28 for instance)
so that the CP force is given by
Here α(0) is the static expression of the polarizability of the nanoparticle. In order to check the above exact expressions as well as the retarded and nonretarded approximations we have plotted H IM /α(0) using (26) (see Fig. 2 ) assuming that α(iξ) = α(0) for all imaginary frequencies as a function of distance. It can be seen that the non-retarded (retarded) approximation is a very good approximation for distances d ≪ λ th (d ≫ λ th ) where λ th = c/k B T is about 7.6 µm at T = 300 K. Similar results (not shown here) can be found for F IM .
E. spheroidal nanoparticle
Now, let us assume that we have a spheroidal nanoparticle with radii R z ≡ R a and R x = R y ≡ R b , i.e. the rotational axis is along the z axis. The nonzero components of the polarizability tensor are then given by the diagonal elements (i = x, y, z) where the depolarization factors L i are for a spheroidal nanoparticle given by the analytical expressions
2e ln
Note that the expressions for L z are different for oblate (R a < R b ) and prolate (R a > R b ) nanoparticles as well as the quantity
Although it would be an easy task to consider all orientations of the spheroidal nanoparticle with respect to a surface, for convenience and clarity we will in the following focus on the CP force between spheroidal nanoparticles above a surface where the rotational axis of the particles are along the surface normal or parallel to the interface. For the case that the surface is replaced by an ideal metal, the above expressions for f andf which enter in the CP energy and force formulas reduce to
Note that depending on the orientation of the rotational axis of the spheroidal nanoparticle with respect to the the interface these expressions can be further simplified.
III. MATERIAL PROPERTIES
In the following we use the above derived expressions to evaluate the CP force between a spherical nanoparticle made of gold and a sheet of graphene. We will compare our results to the CP force for the case that the sheet of graphene is replaced by a gold halfspace. Before presenting the numerical results we introduce the models describing the material properties of the particle and the interface.
A. Gold
For gold we use for convenience the Drude model given by
with ω p = 1.4 · 10 16 rad/s and γ = 3 · 10 13 rad/s. When considering a halfspace of Au the reflection coefficients are for ω = iξ given by r s =γ 0 −γ γ 0 +γ and
The material properties of pristine graphene in the local limit (for the considered distance regime nonlocal efects can be safely neglected) for real frequencies are for the Drude-like term σ D and the interband contribution σ I 31,32
The relation between the 2D dielectric function and the conductivity for suspended graphene can be written as ǫ 2D = 1 + iσ(ω)κ/2ωǫ 0 33 . Hence, by replacing ω by iξ we obtain
The resulting values of σ = σ I + σ D for E F = 0.5 eV and T = 300 K are plotted in Fig. 3 as a function of the Matsubara terms counted by n (the corresponding Matsubara frequency is ξ n = 2πn kBT ) using a moderate damping of τ = 10 −12 rad/s. It can be seen that for small frequencies (n < 7) the intraband contribution dominates whereas for large frequencies (n > 7) the interband contribution dominates the conductivitiy of graphene and converges to e 2 /4 31, 34 . By changing the Fermi energy E F this crossover between the inter-and intraband contribution can be shifted towards lower or larger matsubara frequencies. The reflection coefficients for graphene are different from the expression for a halfspace. On the imaginary axis they are given by ,
where ǫ is in this case the permittivity of the substrate. For a suspended sheet of graphene ǫ = 1 andγ =γ 0 .
IV. NUMERICAL RESULTS AND DISCUSSION -ISOTROPIC NANOPARTICLE
A. Gold
In Fig. 4 we first show our results for a spherical gold nanoparticle above a gold halfspace. The resulting values of the CP force are normalized to the case, where the gold halfspace is replaced by an ideal metal, i.e. we use the expression (20) with (27) , while the properties of the nanoparticles remain unchanched. Due to this normalization procedure the results are independent of radius of the nanoparticles, but it has to be kept in mind that the presented results are only meaningful for distances d larger than the radius of the nanoparticle. From the numerical results it can be seen that at large distances the results for the gold halfspace and the ideal metal are the same. For smaller distances the CP force drops with respect to the ideal metal case. Hence, by using a gold halfspace instead of an ideal metal, the force is reduced by about 40% for distances around 100 nm. 
B. Suspended graphene
Now, we replace the gold halfspace by a sheet of suspended graphene. In this case (see Figs. 5) the force coincides with the ideal metal case for large distances d > λ th . This is due to the fact that for small frequencies (i.e. large distances) the Drude term in the conductivity of graphene dominates. This result has to be taken with some care, since the used model is strictly valid only for frequencies larger than 1/τ 31 . However, the frequency 1/τ = 10 12 rad/s corresponds to a distance of about 2 mm which is much larger than the studied distances. Furthermore, this observation is in accordance with results found in Ref.
23 using the Dirac model for graphene 17 . For small distances (d < λ th ) the CP force is relatively small compared to the ideal metal case. The minimal values found are about 7% of the ideal metal case. By increasing the Fermi level the force on the particle can be increased. At d = 100 nm one can increase the relative force from about 7% to 12%. Hence, the CP force between a spherical nanoparticle and a sheet of graphene as well as the effect of tuning is rather small. These observations are similar to the results found for the CasimirLifshitz force between a gold halfspace and a sheet of graphene 16, 17, 19 . In Fig. 5 we also show the results for the force between a gold nanoparticle above a sheet of graphene normalized to the case where graphene is replaced by a gold halfspace. The qualitative behaviour remains the same but the relative values change slightly. 
V. NUMERICAL RESULTS AND DISCUSSION -SPHEROIDAL NANOPARTICLE
To analyze the influence of the shape of the particle on the CP force we consider now a spheroidal nanoparticle close to a suspended sheet of graphene. To start with, we choose a gold nanoparticle with different aspect ratios R b /R a . As can be seen in Fig. 6 the exact CP force variation depends on the distance and the orientation of the nanoparticle as well as the Fermi level of the graphene sheet. For d = 100 nm we find that with respect to the spherical particle the force for an oblate nanoparticle (R b /R a > 1) increases if the rotational axis is oriented parallel to the graphene sheet (x orientation) and first decreases when the nanoparticle becomes slightly prolate (R b /R a < 1) before it increases rapidly for strongly prolate particles. For the nanoparticle with the rotational axis normal to the graphene sheet the CP force decreases monotonically with the aspect ratio R b /R a . Similar trends are found for d = 1 µm. Hence, the shape and orientation of the nanoparticle has a strong influence on the force excerted on that particle. Note that this effect can even be more important than the effect of tuning by changing the Fermi level in graphene. In Fig. 7 we show some results of the CP force between a prolate, oblate, and spherical Au nanoparticle and a sheet of graphene (here we use E F = 0 eV) as a function of distance. It can be seen that for distances on the order of 100nm or smaller the force on the nonspherical particles is generally larger than on the spherical ones having the same volume. For larger distances the force of the spheroidal particles compared to the spherical particles is always larger when the particle axis with larger R a or R b is normal to the graphene sheet. On the other hand, if this particle axis with larger R a or R b is parallel to the graphene sheet, the resulting force is smaller than for a particle of spherical shape. As observered for sperical particles the CP force converges in all cases to the ideal metal result for d ≫ λ th . Hence, for such distances graphene acts like a perfect metal regardless of the shape and orientation of the nanoparticle.
In Fig. 8 we show the results for the same configura- tion as in Fig. 7 but for graphene with a Fermi level of E F = 1 eV. In this case, the CP force between spheroidal nanoparticles and graphene is much larger than between spherical particles and graphene for distances smaller than 1 micron so that even values between 20-50% of that between a nanoparticle and a perfect metal can be achieved which is huge compared to the values of about 3% or less found in Refs. 16, 17, 19 and it is large compared to the value found for the spheroidal nanoparticle which is between 7-15% in Fig. 8 of the ideal metal case.
VI. CONCLUSION
In summary, we have considered the thermal CasimirPolder interaction between spherical and spheroidal nanoparticles and a sheet of graphene. We have shown that the Casimir-Polder force for spherical particles is in general small compared to the force between the nanoparticle and a perfect metal when considering distances much smaller than the thermal wavelength. On the other hand, for distances larger than the thermal wavelength the sheet of graphene behaves like a perfect metal a result which was also found previously for atoms above graphene. Tuning the electron density inside the sheet of graphene by gating or doping seems to have a relatively small impact on the resulting force. However, when considering spheroidal nanoparticles it turns out that the shape and orientation can have an impact on the resulting force which is larger than that of the tuning inside graphene. Depending on the distance regime the force between spheroidal nanoparticles and graphene can be larger or smaller than that for spherical nanoparticles having the same volume. For distances smaller then 100 nm we find that the force excerted on spheroidal nanoparticles is always larger than for spheroidal nanoparticles with the same volume so that. Since the effect of tuning by means of graphene and the effect of anisotropy and tuning add resulting in a force between spheroidal nanoparticles and graphene which can be in the range of 20-50% of that between spheroidal nanoparticles and a perfect metal. This is quite large compared to the Casimir force found between a gold halfspace and a sheets of graphene or between a
